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NOTATION ' 
vectors  a t t ached  t o  t h e  v e h i c l e ' s  marked axes de f in ing  t h e  - -  spacec ra f t  coordinate  system; a l ,  a ~ ,  and a3 def ine  t h e  r o l l ,  

p i t c h ,  and yaw axes,  r e spec t ive ly  

i n i t i a l  o r i e n t a t i o n  o f  t h e  s p a c e c r a f t  coordinate  system 

3 x 3 d i r e c t i o n  cosine mat r ix  de f in ing  t h e  o r i e n t a t i o n  o f  t h e  - spacec ra f t  coord ina te  system a wi th  r e spec t  t o  t h e  i n e r t i a l  
coord ina te  system s - 

t i m e  d e r i v a t i v e  of  mat r ix  Aas 

i n i t i a l  va lue  o f  mat r ix  Aas 

3 x 3 d i r e c t i o n  cosine mat r ix  de f in ing  t h e  - o r i e n t a t i o n  of  t h e  
commanded spacec ra f t  coordinate  system d with r e spec t  t o  t h e  
i n e r t i a l  coord ina te  system s - 

i n n e r  and o u t e r  gimbal angles o f  s t a r  t r a c k e r  3 

3 x 3 nonorthogonal matr ix  def in ing  - t h e  o r i e n t a t i o n  of  t h e  composite 
t r a c k e r  coord ina te  system T with r e spec t  t o  t h e  spacec ra f t  
coordinate  system 5 

3 x 3 nonorthogonal mat r ix  de f in ing  - t h e  o r i e n t a t i o n  of  t h e  composite 
t r a c k e r  coord ina te  system T with r e spec t  t o  t h e  i n e r t i a l  
coord ina te  system S 

u n i t  e igenvec tor  of t h e  s p a c e c r a f t - a t t i t u d e - e r r o r  mat r ix  

components o f  t h e  e igenvec tor  F i n  t h e  body r o l l ,  p i t c h ,  and yaw 
axes,  r e spec t ive ly  

cos ine  9 

vectors  def in ing  t h e  commanded p o s i t i o n  of  t h e  spacec ra f t  coord ina te  
system 

vec to r  angular  momentum o f  t h e  system 

moment o f  i n e r t i a  o f  t h e  spacec ra f t  measured about t h e  
a3 axes , r e s p e c t i v e l y  

XI, Z2, and - 

maximum value  o f  I a j  ( I a3  f o r  t h i s  paper)  

' A l l  t r i a d s  o f  vec to r s  a r e  orthonormal and form a right-handed s e t  unless  
otherwise s t a t e d .  

iii 



I w j  moment o f  i n e r t i a  o f  t h e  r o l l ,  p i t c h ,  and yaw reac t ion  wheels, 
r e s p e c t i v e l y  

ga in  terms as soc ia t ed  with t h e  c o n t r o l  l a w  about t h e  body r o l l ,  
p i t c h ,  and yaw axes,  r e spec t ive ly  

r a t e -ga in  term assoc ia t ed  with t h e  c o n t r o l  l a w  

i n n e r  and o u t e r  gimbal angles  of  s t a r  t r a c k e r  2 

3 x 3 d i r e c t i o n  cos ine  mat r ix  d e f i n i n g  t h e  o r i e n t a t i o n  of  t h e  
s p a c e c r a f t  coord ina te  - system X with  r e spec t  t o  t h e  commanded 
coord ina te  system d ( e r r o r  matr ix)  

se s i n e  0 

vectors  de f in ing  t h e  i n e r t i a l  coord ina te  system 

composite t r a c k e r  coord ina te  system; - nonorthogonal t r i a d  of  vec tors  
forming a right-handed system; T2 and ?;3 
t o  stars 2 and 3,  r e spec t ive ly ;  T1 = T2 x T3 

a r e  t h e  l i n e s  of  s i g h t  - 

vectors  de f in ing  t h e  o r i e n t a t i o n  of  s t a r  t r a c k e r  2 

vectors  de f in ing  t h e  o r i e n t a t i o n  o f  s tar  t r a c k e r  3 

Z 
j 

con t ro l  vo l tage  t o  t h e  motors o f  t h e  spacec ra f t  r eac t ion  wheels 
about t h e  body's marked r o l l ,  p i t c h ,  and yaw axes 

Zm 

@ 

maximum al lowable value of  vo l t age  t o  reaction-wheel motor 

angle  o f  r o t a t i o n  about t h e  des i r ed  Euler  ax i s  

@ S  
magnitude o f  0 a t  which Zj s a t u r a t e s ;  f o r  t h i s  i n v e s t i g a t i o n ,  

0" 1. @ I 180" 

0" I @  1. 5" I recorder  ga in  than  0" L @ 5 180" 

os = 0.5" 

Notation used only with s t r i p  cha r t  recorder ;  t h e  
behavior  o f  @ 5 5" is  shown with a d i f f e r e n t  @ l a r g e  

@small 

yaw, r o l l ,  and p i t c h  Euler  angles  de f in ing  t h e  o r i e n t a t i o n  o f  t h e  
a i r - b e a r i n g  t a b l e ;  o rde r  of  r o t a t i o n  i s  as shown 

i n e r t i a l  angular  r a t e s  of  t h e  body about t h e  , X2, and Z3 axes,  
r e s p e c t i v e l y  

W a j  

maximum component of  body i n e r t i a l  r a t e  w a m  

w c j  computed values  o f  waj; it refers t o  rates computed from t h e  
a t t i t u d e  mat r ix  o r  from tachometers 

i v  

I 



ww j 

owj(0)  

r o l l ,  p i t c h ,  and yaw reaction-wheel angu la r  rates,  r e spec t ive ly  

i n i t i a l  speeds of  t h r e e  r eac t ion  wheels 

Subscr ip t  

j ax i s  system components, j = 1, 2 ,  3 
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ANALYSIS AND VERIFICATION OF A SPACECRAFT 

WIDE-ANGLE ATTITUDE-CONTROL SYSTEM 

Francis  J. Moran and Bruce H. Dishman 

Ames Research Center 

SUMMARY 

A t t i t u d e  con t ro l  t o  ensure s t a b i l i t y  o f  a s p a c e c r a f t  s l u i n g  through 
l a r g e  angles  was experimental ly  inves t iga t ed .  The i n v e s t i g a t i o n  examined a 
con t ro l  l a w  synthes ized  from E u l e r ' s  theorem on r o t a t i o n ,  which s ta tes  t h a t  
any a t t i t u d e  change of a r i g i d  body may be accomplished by a simple r o t a t i o n  
about an appropr i a t e  a x i s .  
us ing  t h e  con t ro l  law i s  g loba l ly  s t a b l e .  

The t h e o r e t i c a l  ana lys i s  showed t h a t  a system 

The purpose of t h i s  i n v e s t i g a t i o n  was t o  v e r i f y  by means o f  an a i r -  
bear ing  t a b l e  s imula t ion  t h e  behavior  o f  a system us ing  t h e  con t ro l  l a w .  I t  
a l s o  was d e s i r e d  t o  compare t h e  opera t ion  of  t h e  con t ro l  law when veh ic l e  r a t e  
information was obta ined  from (1) r a t e  gyroscopes, ( 2 )  t h e  s p a c e c r a f t - a t t i t u d e  
d i r e c t i o n  cosine mat r ix ,  and ( 3 )  tachometers mounted on t h e  r e a c t i o n  wheels. 
The system us ing  ra te -gyro  information was t e s t e d  with and without  i n i t i a l  
angular  momentum; t h e  o t h e r  two methods were t e s t e d  only with zero i n i t i a l  
momentum. 

The experimental  apparatus  used i n  t h i s  a n a l y s i s  w a s  an a i r -bea r ing  
t a b l e  r ep resen t ing  t h e  s p a c e c r a f t ,  t h r e e  r e a c t i o n  wheels f o r  c o n t r o l ,  t h r e e  
ra te  gyros f o r  veh ic l e  r a t e  in format ion ,  and two gimbaled s t a r  t r a c k e r s  f o r  
p o s i t i o n  information.  An o n l i n e  d i g i t a l  computer performed as a rea l - t ime 
c o n t r o l l e r .  The computer c a l c u l a t e d  t h e  des i r ed  ax i s  of  r o t a t i o n  from t h e  
s t a r - t r a c k e r  information and generated simultaneous commands t o  t h e  t h r e e  
to rque r s .  The t h r e e  con t ro l  s i g n a l s  were converted t o  analog form and 
t r ansmi t t ed  t o  t h e  react ion-wheel  t o rque r s .  

The r e s u l t s  of  t h e  s imula t ion  show t h a t  t h e  system us ing  t h e  con t ro l  law 
performed as p red ic t ed  by theory .  
d e s i r e d  a x i s  while  s l u i n g  through angles  of 55" i n  yaw and 10" i n  p i t c h  and 
r o l l .  The combined s t e a d y - s t a t e  e r r o r  about a l l  t h r e e  axes was 0.1" ,  which 
r ep resen t s  t h e  s e n s i t i v i t y  l i m i t  o f  t h e  a t t i t u d e  senso r s .  

The a i r -bea r ing  t a b l e  r o t a t e d  about t h e  

INTRODUCTION 

The need f o r  a system t h a t  ensures  s t a b i l i t y  while  c o n t r o l l i n g  t h e  
r o t a t i o n a l  p o s i t i o n  o f  a r i g i d  body s l u i n g  through l a r g e  angles  is  encoun- 
t e r e d  i n  a program such as t h e  Orb i t ing  Astronomical Observatory (OAOj. 
problem is  t o  p o i n t  a t e l e scope ,  r i g i d l y  a t tached  t o  t h e  s p a c e c r a f t ,  i n  any 
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d i r e c t i o n  d i c t a t e d  by a ground-based observer .  
accomplishes wide-angle s l u i n g  by commanding t h e  v e h i c l e  t o  complete a 
sequence of open-loop, s i n g l e - a x i s  maneuvers ( r e f .  1 ) .  The s lue -con t ro l  sys- 
t e m  r e o r i e n t s  t h e  veh ic l e  t o  w i th in  t h e  l i m i t s  o f  t h e  coarse  con t ro l  system. 
The coarse  c o n t r o l  system then  s t a b i l i z e s  t h e  s a t e l l i t e  by r e so lv ing  t h e  star- 
t r a c k e r  gimbal angles  i n t o  t h e  proper  components t o  d r i v e  t h e  veh ic l e  s o  t h a t  
t h e  t a r g e t  s t a r  i s  wi th in  t h e  f i e l d  o f  view o f  t h e  t e l e scopes .  
descr ibes  another  a t t i t u d e - c o n t r o l  system t h a t  uses  t h e  s t a r - t r a c k e r  gimbal- 
angle  information t o  s t a b i l i z e  t h e  s a t e l l i t e .  

The p resen t  OAO program 

Reference 2 

The purpose o f  t h i s  i n v e s t i g a t i o n  was t o  s imula t e  and v e r i f y  a con t ro l  
law t h a t  could be used f o r  both s t a b i l i z a t i o n  and r e o r i e n t a t i o n .  The con t ro l  
law was synthes ized  from E u l e r ' s  theorem on r o t a t i o n ,  which s t a t e s  t h a t  any 
a t t i t u d e  change o f  a r i g i d  body may be accomplished by a s i n g l e  r o t a t i o n  about 
an appropr i a t e  a x i s .  
tem when t h e  ra te  information requi red  by t h e  con t ro l  law was obta ined  from 
gyros,  t h e  a t t i t u d e  d i r e c t i o n  cosine mat r ix ,  and tachometers mounted on t h e  
r e a c t i o n  wheels. 

I t  a l s o  was des i r ed  t o  compare t h e  behavior  o f  t h e  s y s r  

The control-system s imula t ion  was performed on a three-degrees-of-  
freedom a i r - b e a r i n g  t a b l e .  The experimental  apparatus  used with t h e  t a b l e  
cons is ted  of  two gimbaled s t a r  t r a c k e r s  as p o s i t i o n  senso r s ,  r e a c t i o n  wheels 
as to rque r s ,  r a t e  gyros f o r  damping, and a d i g i t a l  computer as an on l ine  
c o n t r o l l e r .  

The r e p o r t  first descr ibes  t h e  experimental  apparatus  used t o  v e r i f y  t h e  
con t ro l  law. The a t t i t u d e - e r r o r  mat r ix  equat ion is then  developed followed by 
a b r i e f  review o f  t h e  a t t i t u d e  con t ro l  l a w .  Then t h e  methods o f  de r iv ing  
i n e r t i a l  angular  body r a t e s  from t h e  v e h i c l e - a t t i t u d e  mat r ix  and t h e  r eac t ion -  
wheel tachometers are developed. F ina l ly ,  t h e  t es t  procedures and r e s u l t s  
descr ib ing  t h e  performance of  a system us ing  t h e  con t ro l  l a w  a r e  presented .  

EXPERIMENTAL APPARATUS 

The a t t i t u d e - c o n t r o l  system was mechanized on t h e  Ames s a t e l l i t e  
a t t i t u d e - c o n t r o l  s imula to r  ( f i g .  l ) ,  which inc ludes  an a i r -bea r ing  t a b l e  i n  a 
vacuum chamber t h a t  can be evacuated t o  a p re s su re  of  1 mm Hg. (The chamber 
was never evacuated during t h e  s imula t ion . )  Both t h e  chamber and t h e  a i r -  
bear ing  t a b l e  are mounted on a se i smic  foundat ion t o  i s o l a t e  t h e  t a b l e  from 
ground d i s tu rbances .  The a i r -bea r ing  t a b l e  conf igu ra t ion  and t h e  con t ro l -  
system package used f o r  t h i s  ana lys i s  i s  shown i n  f i  ure  2 .  The complete 
package weighed 1800 l b ;  i t s  i n e r t i a  was 180 s lug - f t '  about t h e  yaw a x i s  and 
145 s l u g - f t 2  about t h e  p i t c h  and r o l l  axes .  
unl imited freedom o f  motion about t he  yaw ax i s  and i s  l imi t ed  t o  t 2 9 "  about 
t h e  p i t c h  and r o l l  axes.  (The s imula tor  i s  descr ibed  i n  g r e a t e r  d e t a i l  i n  t h e  
appendix.)  

The a i r -bea r ing  t a b l e  has 

The a t t i t u d e  o f  t h e  t a b l e  i s  con t ro l l ed  by t h r e e  i n e r t i a  wheels l oca t ed  
along t h e  con t ro l  axes of t h e  t a b l e  ( f i g .  2 ) .  The i n e r t i a  wheels a r e  dr iven  
by dc motors with a s t a l l  to rque  o f  15 in . -oz.  The motor and r eac t ion  wheel 

2 



combination has a t ime cons tan t  o f  35 s e c  and a maximum speed of  3000 rpm. 
The i n e r t i a  o f  t h e  wheels was 0.014 s l u g - f t 2 .  The angular  v e l o c i t y  o f  t h e  
r e a c t i o n  wheel was a v a i l a b l e  from a tachometer.  

The a t t i t u d e  information used t o  genera te  t h e  con t ro l  s i g n a l s  was der ived 
from two gimbaled s t a r  t r a c k e r s ,  which are pos i t ioned  on t h e  t a b l e  s o  t h a t  
t h e i r  o u t e r  gimbal axes are p a r a l l e l  and a l igned  with t h e  t a b l e ' s  r o l l  a x i s .  
The t r a c k e r s  have angular  freedom o f  250" about both t h e  i n n e r  and o u t e r  
gimbal axes .  The angular  p o s i t i o n  o f  t h e  gimbals was determined by measuring 
the  output  of  a r e s o l v e r ,  which has  an accuracy of  k 5 . 0  min of a r c .  The s t a r  
t r a c k e r s  have a maximum s l u i n g  r a t e  o f  0.75" pe r  s e c .  

The t r a c k e r s  p o i n t  a t  s imula ted  s tars  loca ted  wi th in  t h e  a i r -bear ing-  
t a b l e  chamber. 
v ide  a s t a r  beam col l imated  t o  wi th in  k5.0 arc sec r e l a t i v e  t o  t h e  o p t i c a l  
a x i s .  The s t a r  can be  ad jus t ed  from -2 .0  t o  +6.5 apparent  s t a r  magnitude. 

The s t a r  s imula tors  have a c l e a r  ape r tu re  of  1 2  i n .  and pro- 

The output  from t h e  two s t a r  t r a c k e r s ,  t he  t h r e e  r a t e  gyros,  and t h e  
t h r e e  tachometers on t h e  t a b l e  was s e n t  i n  analog form t o  a d i g i t a l  computer. 
This computer a c t s  as a r ea l - t ime  c o n t r o l l e r  f o r  t h e  a i r -bea r ing  t a b l e  i n  t h a t  
i t  accepts  t h e  b a s i c  analog s i g n a l s ,  converts  them t o  d i g i t a l  d a t a ,  and per -  
forms t h e  necessary mat r ix  opera t ions  t o  generate  the  s p e c i f i e d  con t ro l  law. 
The use of  For t ran ,  f a c i l i t a t e d  computer changes i n  t h e  con t ro l  l a w .  The sys-  
tem program w a s  cycled through t h e  computer a t  a frequency of  about 30 H z .  
The con t ro l  s i g n a l s  generated by t h e  computer were t r ansmi t t ed  i n  analog form 
t o  the  r e a c t i o n  wheels. 

DEVELOPMENT OF THE ATTITUDE-ERROR MATRIX EQUATION 

The p o s i t i o n  information requi red  by t h e  con t ro l  l a w  makes it necessary 
t o  de r ive  a measure of  t h e  e r r o r  i n  a t t i t u d e .  The f i r s t  s e c t i o n  descr ibes  t h e  
development of  t he  a t t i t u d e  e r r o r  matr ix .  The second s e c t i o n  descr ibes  the  
determinat ion of t h e  s a t e l l i t e ' s  a t t i t u d e  from t h e  s t a r  t r a c k e r  information 
which i s  necessary t o  c a l c u l a t e  t h e  e r r o r  mat r ix .  

Development o f  t h e  Er ro r  Matrix 

The commanded o r i e n t a t i o n  of  t h e  s a c e c r a f t  with r e spec t  t o  t h e  i n e r t i a l  
coordinate  system ( f i g .  3 )  is  given by: 8 

2Figure - 3 shows t h e  s t a r - t r a c k e r  inner-gimbal angles  a t  zero.  Thus, 
vec tors  T21 and T31 a r e  o r i e n t e d  along t h e  two o u t e r  gimbal axes .  Vectors 
d2 and 3 3  a r e  a l s o  shown l y i n g  i n  t h e  HI and ZT2 p lane .  This arrangement 
i s  f o r  convenience i n  drawing and does not  represent  t h e  genera l  case.  

- 
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The p resen t  p o s i t i o n  of  t h e  veh ic l e  with r e spec t  t o  t h e  i n e r t i a l  
coord ina te  system i s  given by: 

From equat ions (1) and ( 2 )  and t h e  fact  t h a t  Ads i s  an or thogonal  
mat r ix ,  i t  fol lows t h a t  t h e  a c t u a l  p o s i t i o n  o f  t h e  veh ic l e  with r e spec t  t o  
t h e  d e s i r e d  p o s i t i o n  i s  given by: 

Equation (3)  shows t h a t  t he  veh ic l e  a t t a i n s  t h e  des i r ed  a t t i t u d e  when t h e  
matrix product  AaSAis forms an i d e n t i t y  matr ix .  This  product  i s  def ined as 

t h e  e r r o r  ma t r ix  R: 

T 
= AasAds (4) 

- 
When t h e  v e h i c l e  Zi i s  i n  i ts  des i r ed  o r i e n t a t i o n  d ,  then  R = I .  Therefore ,  
t h e  dev ia t ion  o f  R from I i s  a measure o f  t h e  e r r o r  i n  t h e  a t t i t u d e  o f  t h e  
s p a c e c r a f t .  The con t ro l  law information was e x t r a c t e d  from t h i s  mat r ix .  

Determination o f  Spacecraf t  A t t i t ude  

The a t t i t u d e  mat r ix  A,, m u s t  be determined as a b a s i s  f o r  c a l c u l a t i n g  
R;  t h e  mat r ix  Ads i s  given. The a t t i t u d e  o f  t h e  spacec ra f t  can be def ined  
with r e spec t  t o  t h e  l i n e s  o f  s i g h t  t o  two stars.  I f  i t  i s  assumed t h a t  t h e  
tracker p e r f e c t l y  t r a c k s  t h e  s t a r ,  then  t h e  l i n e s  o f  s i g h t  t o  t h e  s ta rs  coin- 
c ide  wi th  t h e  t racker 's  o p t i c a l  axes.  The a t t i t u d e  of  t h e  spacec ra f t  can now 
be def ined  with r e spec t  t o  t h e  o p t i c a l  axes o f  t h e  two t r a c k e r s .  
t h e  r e l a t i o n s h i p s  between t h e  s t a r - t r a c k e r  coord ina te  system and t h e  
space c r a f t  are 

For example, 

and 

4 

I 



where 

V(Ko) = 0 6 
Y(l)  = 0 c 0 

1 

0 

0 

1 

0 

0 

c A 0  

L e t  T2 and T3 be  u n i t  vec to r s  i n  t h e  d i r e c t i o n  o f  t h e  l i n e s  of  s i g h t  
of  s tars  2 and 3 ,  r e spec t ive ly .  Then 

A t h i r d  vec to r  i s  def ined  as 

- 
where T I  i s  n o t ,  i n  genera l ,  a u n i t  vec to r .  The TI,  T2, T3 coord ina te  
system, c a l l e d  t h e  t r a c k e r  coord ina te  system, usua l ly  i s  nonorthogonal.  The 
r e l a t i o n s h i p  between t h e  t r a c k e r  coord ina te  system and t h e  s p a c e c r a f t  
coord ina te  system i s  



In  a r e a l  a p p l i c a t i o n ,  t h e  loca t ion  o f  t h e  stars with r e spec t  t o  i n e r t i a l  
space would be obta ined  from some astronomical  d a t a  source .  
t h e  s imulated stars wi th  r e spec t  t o  t h e  i n e r t i a l  space used f o r  t h e  s imula to r  
i s  determined from t h e  s t a r - t r a c k e r  gimbal angles  and t h e  t a b l e  Euler  angle  
measurements. For example, 

The loca t ion  o f  

and 

where 

CBK 0 - s B K  0 c$K s+K 

Aas(K) = ( O 0 )(: c ~ K  s ~ K )  ( sZK c Z K  8) (12) 
s B K  c0 K -s$K c ~ K  

Equation (12) i s  c a l c u l a t e d  f o r  known t a b l e  Euler  angles  and i s  used i n  equa- 
- t i o n s  (10) and __ (11) - i n  conjunct ion with known t r a c k e r  gimbal angles .  
T2 E T22 and T3 E T 3 3 ,  t h e  p o s i t i o n  o f  t h e  t r a c k e r  coordinate  system r e l a t i v e  
t o  i n e r t i a l  space is  

Since 

The t r a c k e r  gimbal angle  and t a b l e  Euler  angle  measurements a r e  then 
used t o  c a l c u l a t e  Bs. The Bs mat r ix  l o c a t e s  t h e  s imulated s t a r s  with 
r e spec t  t o  t h e  i n e r t i a l  frame. I f  t h e  r i g h t  s i d e  o f  equat ions (9) and (13) 
a r e  equated, one ob ta ins  

Comparing equat ions (14) and (2 ) ,  one can w r i t e  

- 1  
Aas = (BS BalT 

Then t h e  e r r o r  mat r ix  R ,  def ined  i n  equat ion (4), can be w r i t t e n  as 
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In  a space a p p l i c a t i o n ,  t h e  mat r ix  Bs, which def ines  t h e  o r i e n t a t i o n  of 
t h e  composite t r a c k e r  coord ina te  system when locked on t h e  s e l e c t e d  guide 
s ta rs  t o  t h e  i n e r t i a l  coord ina te  system, would be obta ined  d i r e c t l y  from 
astronomical da t a .  

THE ATTITUDE CONTROL LAW 

The con t ro l  l a w  was synthes ized  from Eu le r ' s  theorem on r o t a t i o n  ( r e f .  3 ) ,  
which s t a t e s  t h a t  any a t t i t u d e  change o f  a r i g i d  body can be accomplished by a 
s i n g l e  r o t a t i o n  about an appropr i a t e  a x i s .  The ax i s  o f  r o t a t i o n  i s  def ined  by 
t h e  e igenvec tor  T of t h e  e r r o r  ma t r ix  R. The angle  o f  r o t a t i o n  about T 
t o  make t h e  body axes co inc ident  wi th  t h e  des i r ed  a x i s  i s  def ined as @. The 
command t o  t h e  reaction-wheel motors t o  r o t a t e  t h e  spacec ra f t  through an angle  
@ about t h e  e igenvec tor  T i s  

Z -  3 = -k  , j [ s a t ( @ ,  Q S ) c j  + k2waj] j = 1, 2 ,  3 

where Z j  i s  t h e  con t ro l  vo l tage  t o  t h e  j t h  r e a c t i o n  wheel, waj i s  t h e  
body angular  r a t e  about t h e  j t h  marked body a x i s ,  and k!j and k 2  a r e  con- 
s t a n t s .  The f i r s t  term i n  t h e  bracke ts  represents  t h e  p o s i t i o n  information 
and i s  obtained from t h e  e r r o r  mat r ix  R determined i n  t h e  previous s e c t i o n .  
The term s a t ( @ ,  as) i s  

where t h e  magnitude o f  r o t a t i o n  Q is  

and 

QS = 0 . 5 O  

The d i r e c t i o n  o f  r o t a t i o n  i s  given by t h e  components o f  t h e  e igenvec tor  F 
which a r e  

1 R23  - R32  
C l  = - 2 s i n  @ 

1 R 3 1  - R13 c2 = - 2 s i n  @ 
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c3 = - 1 R 1 2  - R21 
2 s i n  CP 

The R i j  terms refer  t o  t h e  off-diagonal  components o f  t h e  e r r o r  mat r ix  R. 

The approximation i s  d e s i r e d  because t h e  e igenvec tor  o r i e n t a t i o n  i s  no t  
def ined when 0 = 0.  Thus, t h e  components o f  t h e  e igenvec tor  become noisy  
when CP s CPs. If CP 1. CPs, then  CP = s i n  CP. The con t ro l  law (eq. (17)) can 
then  be w r i t t e n  as 

The con t ro l  l a w  can be  approximated when t h e  e r r o r  i n  a t t i t u d e  is  small. 

The con t ro l  l a w  given by equat ion (19) i s  independent o f  t h e  components o f  t h e  
eigenvector .  
f i g u r e  4. 

A block diagram o f  t h e  con t ro l  l a w  computation i s  shown i n  

The ra te  information r equ i r ed  by t h e  c o n t r o l  law (eqs.  (17) and (19)) was 
obta ined  by t h r e e  d i f f e r e n t  methods: 
considered t h e  b a s i c  mode o f  opera t ion ;  ( 2 )  from Aas mat r ix  computations; 
and (3)  from t h e  reaction-wheel tachometer measurements. Methods (2)  and (3)  
are considered backup systems t o  t h e  gyroscopes. 

(1) d i r e c t l y  from t h e  ra te  gyroscopes,  

The body ra te  i s  der ived  from t h e  A,, mat r ix  according t o  t h e  
r e l a t i o n s h i p  

where 

and A,, may be eva lua ted  from 
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which r ep resen t s  t h e  d i s c r e t e  form o f  t h e  time d e r i v a t i v e  o f  
and Aas(n + 1 )  are va lues  of  t h e  n ine  components o f  t h e  Aas 
beginning and end o f  a time i n t e r v a l  s p e c i f i e d  by 
then  t akes  t h e  form: 

Ass; Aas(n) 
matrix a t  t h e  

T. The matr ix  equat ion 

T If B = Aas(n + l )Aas(n) /T,  t hen  t h e  components of  t h e  body rates are 

where t h e  n o t a t i o n  wc ,  s u b s t i t u t e d  f o r  wa ,  i n d i c a t e s  a computed value.  The 
r a t e s  a r e  obtained by summing and averaging t h e  two s o l u t i o n s  a v a i l a b l e  f o r  
each ra te  component from equat ion ( 2 3 ) .  

To compute t h e  body rates from reaction-wheel-tachometer information,  two 
assumptions must be made: (1) t h e  system i s  i n i t i a l l y  s t a b i l i z e d  s o  t h a t  a l l  
t h e  system momentum i s  s t o r e d  i n  t h e  r e a c t i o n  wheels; and ( 2 )  t h e  system i s  
conserva t ive  - t h a t  i s ,  t h e  e x t e r n a l  torques are zero.  The t o t a l  system 
momentum a t  any t i m e  i s  

Since t h e  t o t a l  i n i t i a l  system momentum i s  s t o r e d  i n  t h e  motors, one can w r i t e  

The s t a r t i n g  p o s i t i o n  o f  t h e  body 
p o s i t i o n  a t  any t i m e  Zi as 

Zi(0) can be expressed i n  terms o f  t h e  body 

S u b s t i t u t i n g  equat ion  (27) i n t o  equat ion  (26) and then  equat ing  equat ions  (25) 
and ( 2 6 ) ,  one ob ta ins  
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where M and N are 1 x 3 row ratrices whose components a r e  given as 

and 

Solving f o r  ua i ,  and denot ing it by w c j  t o  i n d i c a t e  a computed va lue ,  
y i e l d s  

TEST PROCEDURES AND RESULTS 

The t h e o r e t i c a l  s tudy  ( r e f .  3 )  shows t h a t  a veh ic l e  s l u i n g  under t h e  
in f luence  o f  t h e  p rev ious ly  given con t ro l  law w i l l  move about t h e  e igenvec tor  
of  t h e  R matr ix .  The t ime h i s t o r y  o f  t h e  angle  CP and t h e  components o f  
t h e  e igenvec tor  F a r e  a measure o f  t h e  control-system performance. If t h e  
t o t a l  system momentum remains zero,  t h e  t i m e  h i s t o r y  o f  t h e  C components 
should be a cons tan t  va lue  and t h e  angle  CP should be a decreasing func t ion  
of  cons tan t  s lope .  The f i n a l  va lue  o f  CP gives  t h e  system-pointing e r r o r .  

The r e s u l t s  o f  t h e  s imula t ion  a r e  summarized i n  f i g u r e s  5 through 11. 
The r e s u l t s  were output  from t h e  d i g i t a l  computer, through t h e  d i g i t a l  analog 
conver te rs  t o  a s t r i p  c h a r t  recorder .  Data were obtained once every computa- 
t i o n  cyc le  (35 msec). 
provided numerical va lues  f o r  t h e  da t a .  A p r i n t o u t  was made a t  t h e  beginning 
and end of each s l u e .  
f i g u r e s .  The parameters displayed i n  t h e  f i g u r e s  inc lude  t h e  angle  
e igenvec tor  components c j ,  t h e  con t ro l  vo l tages  Z j ,  and t h e  body rates waj. 
Since system-point ing accuracy as wel l  as t h e  wide-angle s l u i n g  charac te r -  
i s t i c s  were o f  i n t e r e s t ,  t h e  l e v e l  of con t ro l  s a t u r a t i o n  was s e t  a t  
CPs = 0.5".  The magnitude o f  k l j  was determined f o r  each ax i s  from t h e  
r e l a t i o n s h i p  

A l i n e  p r i n t e r  coupled d i r e c t l y  t o  t h e  d i g i t a l  computer 

The numerical values  are shown i n  pa ren thes i s  on t h e  
CP, t h e  
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The ga in  f a c t o r  k2, which i s  t h e  same f o r  a l l  t h r e e  axes,  i s  
1 

uam 
k2 = - 

where w,, was se t  equal  t o  0.4" p e r  sec; t h a t  i s ,  k2  = 2.5.  

R a t  e Gyros copes 

Figure 5 shows t h e  response o f  t h e  system when ra te  gyroscopes are used 
f o r  damping. The t a b l e  i s  pos i t i oned  i n i t i a l l y  a t  Euler  angles  of  -4.78" i n  
r o l l ,  -5.74" i n  p i t c h ,  and 74.28" i n  yaw, and is  commanded t o  s l u e  t o  +5.0°, 
+5.0", +20.0°. The d i r e c t i o n  between t h e  e igenvec tor  and t h e  r e spec t ive  body 
axes i s  given by t h e  inve r se  cos ine  o f  each C component. For  t h i s  run ,  t h e  
i n i t i a l  o r i e n t a t i o n  of t h e  e igenvec tor  with r e spec t  t o  t h e  r o l l ,  p i t c h ,  and 
yaw axes i s  81°, 79"55',  and 13"25' ,  r e spec t ive ly .  A s  expected, t h e  major 
component o f  t h e  command i s  about t h e  yaw a x i s .  The t i m e  h i s t o r y  o f  t h e  
e igenvec tor  components shows t h a t  they remain n e a r l y  constant  during t h e  s l u e  
u n t i l  Q, = 0.5" .  When Q, 5 O s ,  t h e  approximate con t ro l  l a w ,  which i s  indepen- 
dent  of  C, i s  used, and t h e  eigenvector  components vary r ap id ly  as ind ica t ed  
by t h e i r  t r a c e s  i n  t h e  f i g u r e .  

The i n i t i a l  and commanded angles  r e s u l t  i n  an angle  CP = 55.94".  The 
time h i s t o r y  o f  t h e  angle  CP i n d i c a t e s  t h a t  it decreases  with a cons tan t  
nega t ive  s lope  as p red ic t ed  by t h e  theory .  The recorder  s e n s i t i v i t y  o f  0 i s  
increased  when Q, 5 5.0" t o  show t h e  performance of  t h e  system nea r  t h e  t a r g e t  
p o i n t .  (The computer was programmed such t h a t  Q, small was zero u n t i l  
Q, = 5 . 0 " . )  The t r a c e  of  Q, shows t h a t  t he  system has two overshoots and 
s e t t l e s  t o  wi th in  0.12" o f  t h e  commanded va lue .  A s  i nd ica t ed  by t h e  Euler  
angles ,  t h e  corresponding po in t ing  e r r o r  about each con t ro l  ax i s  i s  (0.02", 
0.08",  0 . 0 2 " ) .  

From t h e  time h i s t o r i e s  of  t h e  con t ro l  vo l t ages  Z -  and t h e  body r a t e s  
u a j ,  i t  i s  observed t h a t  t h e  vol tage  about t h e  a x i s  w i d  a maximum e r r o r  
i n i t i a l l y  s a t u r a t e s  and then  decreases  t o  a l e v e l  necessary  t o  maintain t h e  
maximum des i r ed  r a t e  (uamd). In  t h i s  case,  t h e  yaw a x i s  has t h e  maximum 
e r r o r .  The average con t ro l  vo l tages  about t h e  r o l l  and p i t c h  axes are 
p ropor t iona l ly  lower as determined by t h e  va lues  of  t h e  F components. 

The behavior  o f  t h e  system using gyro damping t o  a sequence o f  commands 
i s  shown i n  f i g u r e  6.  This sequence is  mechanized by commanding t h e  system t o  
one p o s i t i o n ,  l e t t i n g  it s t a b i l i z e  a t  t h i s  p o s i t i o n ,  then  commanding it t o  t h e  
second p o s i t i o n ,  e t c .  The sequence o f  commands shows t h e  behavior  of t h e  sys-  
tem i n  a scanning-type opera t ion .  I n i t i a l l y ,  t h e  t a b l e ' s  angular  p o s i t i o n  i s  
(0.34", 0 . 3 9 " ,  54.60") and i s  commanded t o  (-So, -So, + 2 0 ° ) .  For t h i s  command, 
t h e  major con t ro l  to rque  i s  about t h e  yaw a x i s .  
q u i t e  similar t o  t h e  run d iscussed  i n  f i g u r e  5. There i s  no momentum bui ldup  
dur ing  t h i s  phase of t h e  run. 

The behavior  o f  c j  and Q, i s  

The second sequence commands t h e  t a b l e  t o  ( + S o ,  +So, +20") .  During t h i s  
maneuver, t h e  con t ro l  to rques  a r e  e n t i r e l y  about t h e  p i t c h  and yaw axes ,  and 
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t h e  e igenvec tor  components vary s l i g h t l y  as a r e s u l t  o f  undes i rab le  torques  
causing increased  system momentum. A t  t = 178 sec t h e  system i s  commanded t o  
( - l o o ,  -So, +54") .  During t h i s  maneuver t h e  F components vary cons iderably  
because o f  t h e  bui ldup  o f  momentum. The i n i t i a l  system momentum and undes i r -  
a b l e  ex te rna l  to rques  cause t h e  e igenvec tor  o r i e n t a t i o n  t o  change 17" between 
t = 183 sec and t = 260 sec. Nevertheless ,  t h e  angle  approaches zero i n  a 
nea r ly  l i n e a r  manner, and t h e  system s t a b i l i z e s  wi th  an e r r o r  of  0.10". 
f i n a l  command i s  (0", 0",  54");  t h e  system s t a b i l i z e s  t o  wi th in  0.10" o f  t h i s  
p o s i t i o n  as i n d i c a t e d  by t h e  f i n a l  va lue  o f  @. 

The 

Rate From t h e  A,, Matrix 

Figures 7 and 8 show system response when ra te  damping information i s  
der ived  from t h e  Aas mat r ix .  The procedure used i s  e s s e n t i a l l y  a time 
d i f f e r e n t i a t i o n  t h a t  tends t o  amplify t h e  system n o i s e  t o  an e x t e n t ,  i n  f ac t ,  
t h a t  i t  completely masks t h e  ra te  s i g n a l .  To reduce t h e  no i se ,  t h e  A,, 
mat r ix  i s  averaged over  100 msec. The averaging process  a c t s  as a f i l t e r  b u t  
does not  in t roduce  enough l a g  t o  a f f e c t  t h e  s t a b i l i t y  o f  t h e  system. A com- 
pa r i son  of  t h e  der ived  ra te  wcj and t h e  ra te  from t h e  gyroscope waj shows 
t h a t  t h e  der ived  ra te ,  even when averaged, i s  more noisy.  

The e igenvec tor  components of  t h e  system us ing  t h e  der ived  r a t e  show more 
v a r i a t i o n  than those  o f  t h e  system us ing  t h e  gyros ( f i g s .  7 and 8) .  For 
example, t h e  angle  between t h e  e igenvec tor  a t  
puted as 20". 
system are s t i l l  q u i t e  acceptab le .  

t = 0 and t = 125 sec was com- 
However, both t h e  t r a n s i e n t  and s t e a d y - s t a t e  responses o f  t h e  

Rate From t h e  Reaction-Wheel Tachometers 

Figure 9 shows con t ro l  system damping i n  which t h e  body rate information 
i s  computed from dc tachometers a t t ached  t o  t h e  r e a c t i o n  wheels. 
assumed zero e x t e r n a l  to rques .  However, t h e  system is  subjec ted  t o  d i s t u r -  
bance torques t h a t  cause v a r i a t i o n s  i n  system momentum. A t  t h e  i n i t i a l  and 
f i n a l  p o s i t i o n s ,  t h e  system momentum i s  i n  t h e  r e a c t i o n  wheels: 
wheel speeds are zero,  b u t  t h e  f i n a l  wheel speeds are nonzero. 
rate computed from t h e  tachometer measurements, t h e r e f o r e ,  i s  nonzero and 
d i sag rees  with t h e  gyro information.  The e r r o r  i n  t h e  r a t e  s i g n a l  can be 
observed by comparing t h e  body ra te  s i g n a l s  der ived  from t h e  tachometers t o  
t h e  gyro measurements on f i g u r e  9 .  A t  time t = 120 sec, t h e  p i t c h - r a t e  
s i g n a l  computed from t h e  t.achometer i s  o f  oppos i t e  s i g n  from t h e  t r u e  body- 
ra te  measurements. From 
t h e  d a t a  obtained,  t h i s  system c l e a r l y  has  t h e  worst  response o f  t h e  t h r e e  
t e s t e d ,  because t h e  i n i t i a l  momentum v e c t o r  changes as t h e  system i s  sub jec t ed  
t o  d is turbance  torques .  Since t h e  computation i s  based on t h e  system's  i n i -  
t i a l  momentum, any momentum change causes an e r r o r  i n  t h e  computed r a t e  s i g n a l .  
The ra te  s i g n a l  e r r o r  caused t h e  system t o  develop an a d d i t i o n a l  p o s i t i o n  
e r r o r  as ind ica t ed  by t h e  Q, t r a c e .  

Computations 

t h e  i n i t i a l  
The f i n a l  body 

The f i n a l  ra te  e r r o r  is mainly i n  t h e  p i t c h  a x i s .  

The increased  s t e a d y - s t a t e  e r r o r  can be  e l imina ted  through updat ing t h e  
system momentum a t  t h e  end o f  t h e  maneuver. 

1 2  

For example, assume t h e  system 



begins  t h e  maneuver with zero momentum and s t a b i l i z e s  wi th  nonzero momentum. 
Af te r  t h e  system s t a b i l i z e s ,  one can c a l c u l a t e ,  by means o f  equat ion (26),  
t h e  system momentum. 
p re sc r ibed  manner. The e f f e c t  of  updating t h e  system momentum is t o  e l imina te  
t h e  e r r o r  i n  t h e  der ived  body r a t e  caused by t h e  e x t e r n a l  torques.  
r e s u l t s  of t h i s  procedure a r e  shown i n  f i g u r e  10. The new system momentum and 
t h e  der ived r a t e s  a r e  r e c a l c u l a t e d  a t  t = 217 sec .  Note t h a t  t h e  e r r o r  i n  
t h e  der ived  body r a t e s  i s  reduced, and t h a t  t h e  po in t ing  e r r o r  i s  reduced 
from 0.38O t o  0.15". 

The der ived  body rate can then be c a l c u l a t e d  i n  t h e  

The 

Nonzero I n i t i a l  Momentum With Rate Gyroscopes 

Figure 11 shows t h e  e f f e c t  of nonzero i n i t i a l  momentum on t h e  behavior  of 
t h e  con t ro l  system us ing  r a t e  gyros f o r  damping. 
t h a t  t h e  i n i t i a l  r a t e s  of  t h e  r o l l ,  p i t c h ,  and yaw r e a c t i o n  wheels were 1600, 
1150, and 1050 rpm, r e spec t ive ly .  The f i n a l  wheel v e l o c i t i e s  were very c lose  
t o  t h e s e  i n i t i a l  va lues ,  which implies  a low-magnitude d is turbance  torque.  
During t h e  run t h e  c vary as would be expected s i n c e  t h e  momentum vec to r  o f  
t h e  system i s  varying. The t r a c e s  of t h e  motor cont ro l  vo l tages  show t h e  o f f -  
s e t  necessary t o  maintain t h e  wheels spinning a t  t h e  i n i t i a l  r a t e .  Therefore ,  
t h e  system performance does not  d e t e r i o r a t e  s i g n i f i c a n t l y  when the  i n i t i a l  
system momentum i s  nonzero. Furthermore t h e  system is well  behaved and has a 
po in t ing  e r r o r  of  0.12O. 

The tachometer t r a c e s  show 

j 

CONCLUDING REMARKS 

The r e s u l t s  of  t h e  s imula t ion  show t h a t  t h e  wide-angle a t t i t u d e - c o n t r o l  
system based on Eu le r ' s  theorem on r o t a t i o n  performs as p red ic t ed  by t h e  
t h e o r e t i c a l  a n a l y s i s .  The angular  motion is  about t he  Euler  r o t a t i o n  ax i s  
r a t h e r  than about t h r e e  axes sepa ra t e ly .  
i t y ,  and t h e  angular  r o t a t i o n  of  t h e  veh ic l e  i s  wel l  behaved and p r e d i c t a b l e  
during a s l u e .  

The system has proven global  s t a b i l -  

The b e s t  method f o r  ob ta in ing  r a t e  information f o r  t h e  cont ro l  law i s  t h e  
r a t e  gyroscope. External  to rques  o r  i n i t i a l  momentum t h a t  causes a v a r i a t i o n  
i n  t h e  eigenvector  during t h e  run does not  cause a s i g n i f i c a n t  decrease i n  
system performance. I n e r t i a l  body r a t e s  a l s o  can be determined i n d i r e c t l y ,  
which obvia tes  a f l i g h t  abor t  i n  case of  rate gyroscope f a i l u r e .  The i n e r t i a l  
body r a t e s  could be computed from e i t h e r  t h e  reaction-wheel tachometer measure- 
ments o r  from t h e  s p a c e c r a f t - a t t i t u d e  matr ix  (Aas). The r a t e s  computed from 
t h e  tachometer measurements a r e  l e s s  noisy than t h e  r a t e s  obtained from t h e  
a t t i t u d e  matr ix .  However, f o r  t h e  tachometer system, a v a r i a t i o n  i n  system 
momentum causes an inc rease  i n  t h e  s t eady- s t a t e  po in t ing  e r r o r ,  which can be 
decreased by updating t h e  system momentum vec to r  when t h e  system reaches 
s teady  s t a t e .  The performance o f  t h e  system using t h e  r a t e s  der ived from t h e  
a t t i t u d e  mat r ix  i s  not  a f f e c t e d  by varying system momentum. 
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The type o f  c o n t r o l  system shown i n  t h i s  mechanization could b e  used 
very e f f e c t i v e l y  on a v e h i c l e  such as t h e  OAO, where t h e  a b i l i t y  t o  command 
t h e  s p a c e c r a f t  through l a r g e  angles  i s  des i r ed .  

Ames Research Center  
Nat ional  Aeronautics and Space Adminis t ra t ion 

Moffett  F i e ld ,  C a l i f o r n i a ,  94035, November 25, 1969 
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APPENDIX 

DESCRIPTION OF SATELLITE ATTITUDE-CONTROL SIMULATOR 

The a t t i t u d e - c o n t r o l  system o f  t h i s  r e p o r t  was mechanized on t h e  Ames 
S a t e l l i t e  Att i tude-Control  Simulator  ( f i g .  1 ) .  The a i r -bea r ing  t a b l e  i s  con- 
t a i n e d  i n  a s p h e r i c a l  chamber, which can be evacuated t o  a p res su re  o f  1 mm Hg. 
The chamber and a i r -bea r ing - t ab le  assembly a r e  supported on a seismic 
foundat ion.  

The t a b l e  rests on a 7- in . -diameter  s t a i n l e s s  s t ee l  b a l l  supported by a 
cushion o f  a i r  i n j e c t e d  i n t o  a mating socket .  
t h e  socket  i s  150 p in .  A i r  i s  i n j e c t e d  i n t o  t h e  socket  a t  a pressure  o f  
70 p s i a ,  and is  b l ed  o f f  from t h e  socket  and routed  t o  con t ro l  j e t s  l oca t ed  on 
t h e  t h r e e  axes of  t h e  t a b l e .  With t h e s e  j e t s  and t h e  c o n t r o l  console assoc i -  
a t e d  with t h e  t a b l e ,  i t  i s  p o s s i b l e  t o  con t ro l  t h e  p o s i t i o n  o f  t h e  t a b l e  inde-  
pendent o f  t h e  con t ro l  system package under t e s t .  
i n e r t i a  cones t o  t h e  b a s i c  t a b l e  and raise t h e  i n e r t i a  about t h e  yaw ax i s  t o  
750 s l u g - f t 2  and about t h e  p i t c h  and r o l l  axes t o  400 s l u g - f t 2 .  

The gap between t h e  b a l l  and 

I t  i s  p o s s i b l e  t o  add 

Communications with t h e  t a b l e  and power t o  t h e  t a b l e  a r e  t r ansmi t t ed  v i a  

The p ins  pro-  
a mercury pool and s l i p  r i n g  assembly. 
i nd iv idua l  p ins  arranged i n  a c i r c l e  and loca ted  on t h e  t a b l e .  
j e c t  i n t o  ind iv idua l  pools  of  mercury loca ted  on a fol lowing gimbal system. 
(The fol lowing gimbal system tracks t h e  t a b l e  by u t i l i z i n g  a th ree -ax i s ,  auto-  
co l l ima t ing  e r r o r - d e t e c t i o n  system.) From t h e  base  o f  t h e  mercury pools ,  t h e  
s i g n a l s  then  pass  through a s l i p - r i n g  assembly, l oca t ed  on t h e  yaw gimbal, 
which allows unl imited yaw motion. This technique of  g e t t i n g  da ta  on and o f f  
t h e  t a b l e  e l imina tes  t h e  d is turbance  torques t h a t  would be caused by hanging 
wires  from above t h e  t a b l e  and t h e  complexity of t e l eme te r ing  t h e  da t a .  

From t h e  t a b l e ,  s i g n a l s  pass  through 

Also connected t o  t h e  fol lowing gimbal system are p o s i t i o n  and r a t e  
encoders t h a t  give t h e  t a b l e  Euler  angles and ra tes  i n  a n a t u r a l  b inary  form 
a t  t h e  con t ro l  console .  This  information i s  then  converted i n t o  a v i s u a l  
readout .  
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Figure 1.- Satellite attitude-control simulator. 
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Figure 2 . -  A i r  bear ing  t a b l e  with assoc ia ted  equipment. 
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Figure 3 . -  Coordinate systems orientation. 
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